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LECTURE No. 1
INTRODUCTION TO MATRIX METHODS

MATRIX METHODS OF ANALYSIS:
Broadly the methods of analysis are categorised in two ways
1. Force Methods : Methods in which forces are made unknowns i.e Method
of consistent deformation and strain energy method. In both these methods
solution of number of simultaneous equations is involved.
2. Displacement Methods in which displacements are made unknownsi.e
slope deflection method, Moment distribution method and Kani’s Method
(In disguise). In slope deflection method also, the solution of number of
simultaneous equations is invol ved.
In both of the above methods, for the solution of simultaneous equations
matrix approach can be employed & such Method is called Matrix method
of analysis.

FORCE METHOD :
Method of consistent deformation is the base and forces are made unknown

R W/ g @ Actual sthuctwre & actuat load

A% B b) Primany structure

A 3 O Primany sta. acted upon by actual Load
5 %x;, ond Aredundant Xb
Apocnnnons d) Primany stn. acted upon by only actual

load i€ Xp=0 conditiom

Al 2 e) Primany str acted upon by umnit value
‘T)(L,:ivo Of Xp e Xb=1-0

Ab = Upward Deflection of point B on primary structure due to all causes
Abo = Upward Deflection of point B on primary structure due to applied
load(Redundant removed i.e condition Xb = 0)
Abb = Upward Deflection of point B on primary structure due to Xb
(i.e Redundant )
dbb = Upward Deflection of point B on primary structure dueto Xb =1
Abb = 3bb . Xb
. Ab = Abo + Abb Substituting for Abb —
Ab = Abo + dbb . Xb Called Super position equation
Using the compatibility condition that the net displacementat B =0 i.e



Ab =0 we get Xb =—Abo/ dbb
ToConcludewecansay, [A]=[AL]+[AR]

DISPLACEMENT METHOD:

This method is based on slope deflection method and displacements are made
unkowns

which are computed by matrix approch instead of solving simultaneous equations
and finaly unknown forces are calculated using slpoe deflection equations.
Mab=Mab+2EI /L (26a+6b+35/L)

Mab = Final Moment and may be considered as net force P at the joint

Mab = Fixed end moment i.e Force required for the condition of zero
displacements & is called locking force. (i.e. P’)

The second term may be considred as the force required to produce the required
displacements at the joints. (i.e Pd ) Therefore the above equation may be written
as [P]=[P’] + [Pd]

Thus, there are Two Methods in matrix methods

MATRIX METHODS

FORCE METHOD DISPLACEMENT METHOD

The force method is also called by the names 1) Flexibility Method 2)Static
Method 3)Compatibility.

Similarly the displacement method is also called by the names 1) Stiffness Method
2) Kinematic method 3) Equilibrium Method.

In both force method & displacement method there are two different approaches 1)
System Approach 2) Element Approach.

To study matrix methods there are some pre-requisites :
i)  Matrix Algebra - Addition, subtraction ,Multiplication & inversion of
matrices (Adjoint Method )

i)  Methods of finding out Displacementsi.e. slope & deflection at any point
in a structure, such as a)Unit load method or Strain energy method b)
Moment area method etc.

According to unit load method the displacement at any point ‘j’ is given by
Aj = [0 Mmjds / EI Where M — B M due to applied
loads & mj — B M due to unit load at |



dij = [0 mi.mj.ds/ El When unit load isapplied at i and is

called flexibility coefficient.
The values of Aj and dij can be directly read from the table depending upon the
combinations of B M diagrams & these tables are called Diagram Multipliers.
iii) Study of Indeterminacies — Static indeterminacy & kinematic indeterminacy

DIAGRAM MULTIPLIERS.
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LECTURE No. 2
INDETERMINATE STRUCTURES

1. Statically Indeterminate Structure

2. Kinematically Indeterminate Structure

INDETERMINATE STRUCTURES

Statically Indeter minate Structure : Any structure whose reaction components

or internal stresses cannot be determined by using equations of static equilibrium

aone, (i.e.XFx =0, ZFy =0, XMz = 0) is a statically Indeterminate Structure.
The additional equationsto solve statically indeterminate structure come

from the conditions of compatibility or consistent displacements.

4 Roller Support : No. of reactions, r=1

s
7,47377 —2

X Hinged Support : No. of reactions, r=
|

Tﬁ_l Fixed Support : No. of reactions, r=3

1. Pin Jointed Structuresi.e. Trusses
Internal static indeterminacy : (Dsi) No. of members required for stability is
given by — 3joints— 3 members — every additional joint requires two additional
members.
m’ =2 (j—3)+3 j = No. of joints
m’ =2j-3 Stable and statically determinate
Ds = m-m’ Where m = No. of membersin a structure
Ds=m-(2 -3
External static indeterminacy (Dse)
r = No. of reaction components

Equations of static equilibrium =3 (i.eZFx=0,ZFy=0,XMz=0)
\ Dse=r-3
Total static indeterminacy Ds= Ds + Dse . Ds=m—(2) - 3)+(r-23)

\ Ds=(m+r) -2
Rigid Jointed Structures: No. of reaction components over and above the no. of
equations of static equilibrium is called a degree of static indeterminacy.



Ds=r-3 Equations of static equilibrium =3 (i.eZFx=0,ZFy =0, ZMz
= O)

Example 1
e CUt 20 s/
o K -
& z%: ; zﬁy ot
I I *® é f
I 1 1
Rs Rz R . Rz
Fig i
No. of reaction components r=5 (asshown)
o.Ds=r-3=5-3=2 Ds=2
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R‘ 7 //;,
—_——
A N N T §
M 2 l
li ! i I i
[ i I
Rlz R3 R4yt Rs
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Introduce cut in the member BC as shown. At the cut the internal stresses are
introduced i.e. shear force and bending moment as shown.

Left part : No. of unknowns=5 Equations of equilibrium=3

\ Ds=5-3=2

Right Part : No. of unknowns =4 Equations of equilibrium =2

\ Ds=4-2=2

.. Ds = Static Indeterminacy = 2

Example 2

Fig. (A) Fig. (B) Fig. (C)
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Another Approach : For Every member in arigid jointed structure there will be 3
unknownsi.e. shear force, bending moment, axial force.

Let r be the no. of reaction components and m be the no. of members
Total no. of unknowns=3m +r
At every joint three equations of static equilibrium are available
. no. of static equations of equilibrium = 3] (wherej isno. of joints)

\ Ds=(Bm+r) -3

. Inthe example r=6,m=6,]=6
.Ds=(3x6+6)-(3x6)=6



LECTURE No. 3
Kinematic | ndeter minacy :

A structure is said to be kinematically indeterminate if the displacement
components of its joints cannot be determined by compatibility conditions aone.
In order to evaluate displacement components at the joints of these structures, it is
necessary to consider the equations of static equilibrium. i.e. no. of unknown joint

displacements over and above the compatibility conditions will give the degree of
kinematic indeterminacy.

Fixed beam : Kinematically deter minate :

Simply supported beam Kinematically indeter minate
%
‘5‘;1 Any joint — Moves in three directions in a plane structure
j%*——él——ﬂa-,x

Two displacements dx in x direction, 8y in y direction, 6
rotation about z axis as shown.

7
00
£
o &Syl[}
|
I
G ;
/ : e Roller Support : .
r 15 r=1,8y=0, 6 & ox exist— DOF =2 e=1
i é\j:o

Q ;SB_, " 52&':0 Hinged Support :

r=2,0x=0,0y=0,0exists—DOF=1 e=2

Aé\:o
; 5120 Fixed Support :
7 r=3,0x=0,8y=0,6=0 DOF=0 e=3
6=0

I.e. reaction components prevent the displacements .. no. of restraints = no. of
reaction components.

Degree of kinematic indeterminacy :

Pin jointed structure :Every joint — two displacements components and no
rotation



\ Dk=2j-e where, e = no. of equations of compatibility
= no. of reaction components

Rigid Jointed Structure: Every joint will have three displacement components,
two displacements and one rotation.

Since, axial forceis neglected in case of rigid jointed structures, itis assumed
that the members are inextensible & the conditions due to inextensibility of
members will add to the numbers of restraints. i.e to the ‘e’ value.

\ Dk=3j-¢ where, e = no. of equations of compatibility
= no. of reaction components +
constraints due to in extensibility
Example 1 : Find the static and kinematic indeterminacies

r=4m=2,j=3
R|A 5
o 5 _C
P
. N
| | J:
R
ka2 : b Ds =@m+r)-
3
=(3x2+4)-3x3=1
Dk =3j-e
=3x3-6=3

i.e. rotationsat A,B, & Ci.e. 0a 6b & Oc are
the displacements.
(e = reaction components + inextensibility conditions=4 + 2 = 6)

Example 2 :
Ds=(3m+r) - 3
m=3,r=6,]=4
-.Ds=(3x3+6)-3x4=3
B!__ B

1
Ul

' Dk=3j—-e e= no. of reaction
components + conditions of
inextensibility

=6+3=9
Dk=3x4-9=3 i.e rotation 6b, 6c & sway.



Example 3 :
Ds=(3m+r) -3
r=6,m=10,j=9

c F T

Re |G

Rl i “\RE I —
ALY B
i i Rhﬂér—" 7/’?’.&
) I

1
1

-.Ds=(3x10+6)-3x9=9
Conditions of inextensibility :
Jint: B C EFH |

1 1 22 2 2 Totad=10
Reaction components r=6

\ e=10+6=16

\ Dk=3 -¢€
=3x9-16=11



LECTURE No.4
FORCE METHOD :

This method is also known as flexibility method

or compatibility method. In this method the degree of static indeterminacy of the
structure is determined and the redundants are identified. A coordinateis assigned
to each redundant. Thus,P1, P2 - - - - - - Pn are the redundants at the coordinates
12,----- n.If all the redundants are removed , the resulting structure known as
released structure, is statically determinate. This released structure is also known
as basic determinate structure. From the principle of super position the net
displacement at any point in statically indeterminate structure is some of the
displacements in the basic structure due to the applied loads and the redundants.

Thisis known as the compatibility condition and may be expressed by the
equation;

A=Al +AJR WhereAl - - - - An = Displ. At Co-ord.at 1,2 - -n

N, =D)L +AR AL ---—- AL =Displ. At Co-ord.at 1,2---- -n
| | | Dueto aplied loads

| | | AR ----AR= Displ.At Co-ord.at 1,2---- -n
A=A L+AR Due to Redudants

The above equations may bereturn as[A] = [A] + [Ar] ---- (D)
DM =Dl +011 PL+ 0 Pot----- 01nPn

Doy =Dl +0n Pr+0pPo+----- O2nPh

| I I I I

| | | | I 2)

An = AnI— + 6n1 Pl + 6n2 I::.2 +----- annpn



SA=[ALI+[EI[PT e - 3)
CP=[E{Al - [ALY - (4)

If the net displacements at the redundants are zero then

Al, A2 - - - - An =0,

Then . [P]=-[8] *[AL] ------ (5)

The redundants P1,P2, - - - - - Pn are Thus determined

DISPLACEMENT METHOD :

This method is also known as stiffness or equilibrium. In this method the
degree of kinematic indeterminacy (D.O.F) of the structure is determined
and the coordinate is assigned to each independent displacement
component.

In general, The displacement components at the supports and joints are treated as
independent displacement components. Let 1,2, - - - - - n be the coordinates
assigned to these independent displacement components A1, A2 - - - - An.

In thefirst instance lock all the supportsand the joints to obtain the
restrained structure in which no displacement is possible at the coordinates. L et

P’1,P’2, ----P’n be the forces required at the coordinates 1,2, - - - - - ninthe
restrained structure in which the displacements A1, A2 - - - - An are zero. Next, Let
the supports and joints be unlocked permitting displacements Al, A2 - - - - An at
the coordinates. L et these displacements require forcesin P1d, P2d, - - - - Pnd at
coordinates 1,2, - - - - n respectively.
If P1, P2------ Pn are the external forces at the coordinates 1,2, - - - - n, then the
conditions of equilibrium of the structure may be expressed as:

P1=P’1 +P1d

P2=P2+P2d = ------------ (1)

| | |

| | I

Pn=P’n+Pnd

o [P]=[P]+[Pd] ---------- 2

P1=P’1 +K11 A1+ K12, A2+ K13A3 + ----- K1nAn
P2 =P’2 +K21 A1+ K22 A2+ K23A3 + ----- K2n An
| | | | | |
| | | | I I ©)
Pn=P’n +Knl Al+ Kn2, A2+ Kn3A3 + --------- Knn An

ie [P]=[P]+[K][A] ---------- (4)

S[ARE[KI-YA-PT e -(5)

Where P = External forces



P’ = Locking forces
Pd=Forces due to displacements

I the external forces act only at the coordinates the terms P’1, P’2, ----P’n

vanish. i. e the Locking forces are zero,then

[A]=[K]-1[P]  ---------- (6)

On the other hand if there are no external forces at the coordinates then [P]=0 then
[A1=-[K]-1[P' ] -----ome--- (7)

Thus the displacements can be found out. Knowing the displacements the forces
are computed using slope deflection equations:

Mab= Mab+ 2El / L (20a+ 6b+35 /L)

Mba=Mba+ 2EI / L (6at+ 20b+35 / L)

Where Mab& Mba are the fixed end moments for the member AB due to external
loading



LECTURE No.5
FLEXIBILITY AND STIFFNESSMATRICES: SINGLE CO-ORD.

D=9 )é P P=K xD
‘ i D=PL*3EI =3 x P P=K x PL®/ 3El
| et - 5=L/3El K=3El / L3
’ 1 5=Flexibility Coeff. K=Stiffness Coeff.
D= ML /El MzKK—)é B EK X ML/EI
T s D=0 x M=ML/El K =Stiffness Coeff.
i Eodcl ‘_J-’,»;," .o 6—'. / EI 6 X K_ 1
S=Flexibility Coeff. B

TWO CO-ORDINATE SYSTEM
D1=011P1 + 012 X P2 & D= 021P1+ 02:P>
o Ds 011012 P2

5 D5 02102 P>

5 1 L°/ 3EI L*/ 2El
T O iz 08 L/

5.,.=L%/ 3EI 5,.=L% | 2EI

_x 12 _
Unit Force At Co-ord.(2) 012=021=L" [ 2El &=L/ El



LInit Displacement at (1)

LInit Displacement at (2]

F =k 0+ 0,
P~k D Heag,0,

Bl

STIFFNESS MATRIX

K, =12EI ] L2

K,,=—BEl /L2
Forces at Co-ord. 1) & (25

K,,= - BEl /12

Kap=4El /L Forces at Co-ord.i1) & (2

[EEI / L3-BEl/

L=
—BEI /L= 4EI/ L:I

Develop the Flexibility and stiffness matrices for frame ABCD with reference to

Coordinates shown

5; = mimj/Elxds

The Flexibility matrix can be developed by
applying unit force successively at
coordinates (1),(2) &(3) and evaluating the
displacements at all the coordinates

0jj =displacement at | due to unit load at j



LInit Load at (1) LInit Load at (2) LInit Load at (3)
Partion DC CB BA
| | 4| 4
Origin B C :
Lirnits 0-5 0<i1a 0-10
m, ¥ G- M
m, 0 10
M, 4 & #
B, =|m, m,dx/El = 125/ El
By = By = [, mudx [ El = 125 / 2E
By, = 45 = [, mydx / El = =25 [ El
A, =|m,.rm,dx/El = 1000/ 3E|
By = Oy, = Jmy mydx [ El = -75 1 2E
e = [y myd / El = 10/ E

750 375 -150
8 = 1/EE| | 375 2000 -225
150 =225 B0

INVERSING THE FLEXIBILITY MATRIX [d]
THE STIFENESSMATRIX [ K] CAN BE OBTAINED




DIAGRAM MULTIPLIERS.
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LECTURE No. 6

STIFFNESS MATRIX
K =UT2EN LE) g + (12BN LF) o = 0144 E]
Koy=— (BEI S 2], = — 0.24El
Kaq=— (BEI S L) = — 0.24E]

Given Co-ordinates

nit Displacement at Co-ordinate (1)

Kyz=kay= — (BEIFL2),g = — 0 24EI
Koo=(4El/ L)ag HAEIF Lige= 3.2E

Unit Dsgl. at Co-ord.(2)  Me2™(2El/ Llge= 0.82E]

K5=Kay= — (BEI / L2) o = — 0.24E
Ko™ Kap=(2E1 / L)go= 0.82EI

= (4E1/ L} +(4ElL)...=2 AE|
Urit Dsgl. at Co-ord (3) ¢ Jac (4B L) cp

0,144 _0.24 _0.24

K=E| | - 0.74 3.9 08

_ 0.04 08 5 4



Force Method [ Flexibility ar
compatibility method )

Crisplacemant method
(Stiffness or eguilibrium method)

1. Determine the degree
static indeterminacy [(degree of
redundancy], n

aof | 1.
kinematic

(degree of freedarm), N

Dietermine the degree of

indeterminacy

2 Choose the redundants. 2. Identifwy the independent
dizplacerment components

3. Assign coordinates 1, 2, 3. Assign coordinates 1, 2,

1 to the redundants g to the independent

dizplacerment components.

g Remowe all the redundants to

4 Prewvent all the independent

displacements at the coordinates
due to applied loads acting on
the released structure

abtain to obtain the released |displacement components to

structure. obtain the restrained
structure.

5 Determine [ 1. the |9 Determine [FP1] the forces

at the coordinates 1n the
restrained structure due to
the loads other than those
acting atthe coordinates

B Determine [ e], the
displacements at the coordinates
due to the redundants acting on
the released structure

6. Determine [F,] the forces
required at the coordinates in
the unrestrained structure tao
cause the independent
displacement components[a]

Y. Compute the net
dizplacement at the coordinates
[&] =[8 1+ [8e]

V. Compute the forces at
the coordinates

8. Use the conditions of
compatibility of displacement =
to compute the redundants

[Fl == [F] =+ [F]
3. lLse the conditions of
equilibriurm of  forces to

compute the displacements

[F1 = [3] ' {[&] — [&.0F [4] = [K]-' {[P]—[P']}
9. Knowing the redundants, |49. F.nowing the
compute the internal member |displacements, compute the
forces by using equations of |internal member forces by
statics. Lsing slope deflection

equation.




LECTURE No .7

Example: ©
(;3 ®
24 KN 12 KN 4 1 AL 2h.+h
r R
Ag Sm‘ Smg Smg Sm ¢ Ds= 2, Rb, Re Redundan{:‘.@_ 2 )
*Rb ?R
g 4

-12 10X10 190)+ —601}1
A,._-.-._‘,I.{ ' 2:'&5(2,,0.,_5).,. P {2‘*( 190)H

u.oI/M, - Due to 2L kN :E_ a500/€1

& [ lzom(n ,_0.,.;9.,."'30"';(2 xzo+$)]

1 A - .—1—-
Ma— Due to 12 KN = —25750/ET HL
i '

ION 5” -——{-—-)‘ID)‘IDXID] IODO ._:3__';'
unit Load at () REIL

- 2500
?-OM Sia= 5,_,_.Ei ..Lxloxlo(zno-floﬂ— =T

B,

|

wn

(e o e )

2S00 %000
fAl=0 Net displacements zens

-1
RE e, |9 @B (efSegiy  lag 1108
Pa 2500 B8opo| |- 2S5750/g1 343
e Pyz=Rpb=1293KN & Py= Re= 343 KkN.

Draw B.M. & S.F Diagham,

@ z¢ suppeAhr B & ¢ Simks down Ia? UNIt S g___q & !Dn
units anadyse he beawm,

In Hus, net displaceaments, at@® A== & @A; 180



Compa{-:'bfh'-fy E?ﬂ (s ompdified as—

P looo 25007 ([~ 200 (— 9500
= ..l_.-- EI |~ EI
Po| 3EI |250p 8000 — Io0 | |_257S8
W=l T
= 3£7T ]Jpoo 2%b0 q-g._%gi (13-£1
2Spp §p0oDO 25650 L LN
EL

Pz Rp=17-61 KN & Rz Re = 411 kN.

@ Choose The -Suppfnt wmomenls Ma, Mh.ax Hie Nedandants,
fe basic detexmmumate stauctune

© ® ;
O v - will be tr0 Simply Suppsited
A R c beas :
1I"N 12-KN ) 5
A_ Smy 5m 5"“"‘52J 5w ¢ Ay = WL - 2Lx10_ S0
W/E‘\ ______ 2 16512 16EL" 'EI
Ay = 24%10 , 12x10 - 225
T16EX 16ET EI
©l.° .-©-‘
ML Siak odo  §y=k =SS
> = n=3gy “3E1 2T 6El 6E1 3EI

unit Lload at (D

a0 1235 /51.1 L. w8, % d
WL—%S;—Z 32 gey ~ 3ex
unit load at @ 822 =(3L—‘€I)A:(";’;—Eﬂ3c (51 _13_0_1 ESE'I
= 20



Using— [P]= {3 {1a)-fa}  [4)=0

V‘\;— Bt 3'%11-‘ 2o | . &“31‘10\
F 32: =g | 225 — 2570
ET
Pz Ma=~-3210KNm .. Ma= 3210 KNwm (hogging)
fys Mb= 4870 Mbpz 2570 * (. o)
(Bo-l’ln Ma & Mb Were a ssumwed Saggnﬂg)

) ‘ 2 /oo
@ o4 Sinking 0} supports B & ¢, which are 222 & 25,

ane considened :

®© 2ukv g _12kn

('A l/(j%iml < 24;;3‘ 200, |
\J@_--- i i A= 1551+—E-fx}_5

Due to Loading = |70
5
f“\ B €Y 2 2 100\,.!
i Lo g — 2L%10 4. I2%I0 _200,.‘..-—(,?-_02..-— o
H_?E‘:L?/E;—-# — ¥ EI AQ_L .__I-g—g-_f =+ -_-—-|6E-I ET 10 EI El
ADue to Sinking = 1958

EL : 3
Comsidlering met displ. {al=0

p o 5 T [13e] [-4rsT
I - —|3E1 381 EI| =
s 20 145 —13:86
BEL SEI 3

(e P=Maz=-4I- 87 (hpggf‘hq)’ P,= Mh=-1%-86 (hoqgi‘hg)



LECTURE No .8

Example : .
b KN B I fooe 2 Knjom
’é,cr'vw‘y-v"\ l 2 CWWWED ])S =2
2am ® poo, W o
EI — constant
A BN ’?‘
S 2 Mp & Mc ne dundants.

0_ 1'2. =3
5!! -(351)55 351){_-;: 3EI 3&1 EI

da1 = (se:)sc r cr;?e'r : ?EjI

unit Load at co-s1d ()

) 1-0 S 2
$1 % . ® Si2=(= 21= EI -
» &8 /’/a%}/\g” = (s )es - [8)<| & ?
2
Uit Load at co-s1d B “‘(351)5'-, (3 5 BT BT
| :!{l“?:‘r"m_.j ET
® !2KN ® Sivce Me § Mc
KN [aaA -4
N\Lv-v‘v-\ l Bt <3 ZKNIM J) Dhe }}.Eduﬂda”ts
lew 12 m Basic detenmimate str— AB,Bc,
L KN I2KN 2, cD— Simply
A o B @md 3w b ¢ ¢, 2KN[m supperted
TR el " 6 __..0% - ——— beams
Ga=0Ob = a.h%}éx b= Pak;(gl! Oz Pa(l. .-a) = @z B wt®

ZQEI
Ay = Displ. at co-mad. d«ug. 4o aPPbed lbads {61 cleterminate sia
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